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Abstract
We address the long standing problem of the construction of relativistic
spin operators for a composite system in QCD. Exploiting the kinematical
boost symmetry in light front theory, we show that transverse spin operators
for massless particles can be introduced in an arbitrary reference frame, in
analogy with those for massive particles. In light front QCD, the complete
set of transverse spin operators are identified for the first time, which are
responsible for the helicity flip of the nucleon. We establish the direct con-
nection between transverse spin in light front QCD and transverse polarized
deep inelastic scattering. We discuss the theoretical and phenomenological
implications of our results.
PACS Numbers: 11.10.Ef, 11.30.Cp, 12.38.Aw, 13.88.+e
The complexity of spin of a composite system in the equal time quantization of rela-
tivistic quantum field theory is well-known [1,2]. The closest one can get to covariant spin
operators are the Pauli-Lubanski operators. In the equal time quantization, they readily
qualify for spin operators only in the rest frame of the particle. How to construct the spin
operators for a composite system in an arbitrary reference frame is a nontrivial problem.
The complexities arise from the facts that for a moving composite object, Pauli-Lubanski
operators are necessarily interaction dependent and, further, it is quite difficult to separate
the center of mass and internal variables [3]. Due to these difficulties, the canonical structure
of spin operators of a composite system in a moving frame in gauge field theory has never
been studied in equal time quantization.
In the light front formulation of quantum field theory, in addition to the Hamiltonian
P−, the two rotation operators F i are interaction dependent. Moreover, even for massive
particles, together with the helicity operator J 3 they obey E2-like algebra, not the angular
momentum algebra appropriate for spin operators of a massive particle. In this case, how
to define the appropriate spin operators is known [4]. Most of the studies of the transverse
spin operators, so far, are restricted to free field theory. Even in this case the operators have
a complicated structure, however, one can write these operators as a sum of orbital and spin
parts via a unitary transformation, the famous Melosh transformation [5]. In interacting
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theory, presumably this can be achieved order by order [6] in a suitable expansion parameter
which is justifiable only in a weakly coupled theory.
Very little is known [7] regarding the field theoretic aspects of the interaction dependent
spin operators, knowledge about which is mandatory for issues concerning Lorentz invariance
in light front theory. In this work we show that, in spite of the complexities, light front field
theory offers a unique opportunity to address the issue of relativistic spin operators in an
arbitrary reference frame since boost is kinematical in this formulation.
From the phenomenological point of view, the issue of transverse spin has become very im-
portant in high energy physics thanks to recent experimental advances [8]. Since transverse
spin for a free massless gluon is identically zero, transverse spin measurements for gluonic
observables directly probe the long distance, nonperturbative features of QCD. Analogous
to longitudinally polarized scattering, where quark helicity carries roughly only 25 % of the
proton helicity, one may ask what is the situation in transversely polarized scattering. In
particular can one relate the operators appearing in the transverse spin to the integrals of
structure functions appearing in transverse polarized scattering?
In terms of the gauge invariant, symmetric energy momentum tensor Θµν the four-vector
P µ and the generalized angular momentum tensor Mµν are given by
P µ=
1
2
∫
dx−d2x⊥Θ+µ, (1)
Mµν=
1
2
∫
dx−d2x⊥
[
xµΘ+ν − xνΘ+µ
]
. (2)
The boost operators are M+− = 2K3 and M+i = Ei. The rotation operators are M12 = J3
andM−i = F i. The Hamiltonian P− and the transverse rotation operators F i are dynamical
(depend on the interaction) while the other seven operators are kinematical. The rotation
operators obey the algebra of two dimensional Euclidean space, namely,
[F 1, F 2] = 0, [J3, F i] = iǫijF j (3)
where ǫij is the two-dimensional antisymmetric tensor. Thus F i do not qualify as angular
momentum operators. Moreover, since they do not commute with P µ, they do not qualify
as spin operators.
Consider the Pauli-Lubanski spin operators
W µ = −
1
2
ǫµνρσMνρPσ (4)
with ǫ+−12 = −2. For a massive particle, the transverse spin operators [4] J i in light front
theory are given in terms of Poincare generators by
MJ i=W i − P iJ 3 (i = 1, 2) (5)
= ǫij
(1
2
F jP+ −
1
2
EjP− +K3P j
)
− P iJ 3. (6)
The interaction dependence of J i arises from F i which depends on both center of mass and
internal variables. The rest of the terms in J i serves to remove the center of mass motion
effects from F i. The helicity operator
2
J 3=
W+
P+
= J3 +
1
P+
(E1P 2 − E2P 1) (7)
which is interaction independent. The last two terms in J 3 removes the center of mass
motion effects from J3. We also have
W−= F 2P 1 − F 1P 2 − J3P−. (8)
The operators J i (i = 1, 2, 3) obey the angular momentum commutation relations
[
J i,J j
]
= iǫijkJ k. (9)
For a single fermion of mass m, momenta (k+, k⊥) and helicity λ, we get J 3 | kλ〉 = λ
2
| kλ〉,
λ = ±1; J i | kλ〉 = 1
2
∑
λ′ σ
i
λ′λ | kλ
′〉, i = 1, 2.
In the case of massless particle, for the light-like vector pµ, usually the collinear choice is
made [9,10], namely, p+ 6= 0, p⊥ = 0. For calculations with composite states we would like to
have results for a light-like particle with arbitrary transverse momenta. Let us try a light like
momentum P µ with P⊥ 6= 0, but P− = (P
⊥)2
P+
so that P 2 = 0. Then, even thoughW 1 andW 2
do not annihilate the state, we getW µWµ(=
1
2
(W+W−+W−W+)−(W 1)2−(W 2)2) | kλ〉 = 0
as it should be for a massless particle.
We have the helicity operator, just as in the case of massive particle, given in Eq. (7). In
analogy with the transverse spin for massive particles, we define the transverse spin operators
for massless particles as
J i =W i − P iJ 3. (i = 1, 2) (10)
They do satisfy J i | k, λ〉 = 0, J 3 | k, λ〉 = λ | k, λ〉. The operators J i and J 3 obey the
E2-like algebra (Eq. (3)). Thus we have demonstrated that in light front field theory, thanks
to kinematic boost symmetry, it is possible to construct spin operators for both massive and
massless particles in arbitrary reference frame.
Next, to explore the canonical spin operators in light front QCD, we first need to con-
struct the Poincare generators P+, P i, P−, K3, Ei, J3 and F i in the theory. The explicit
form of the operator J3 is given Ref. [11]. Here we derive the expressions for the interaction
dependent transverse rotation operators in light front QCD. We set A+ = 0 and eliminate
the dependent variables ψ− and A− using the equations of constraint. In this paper we
restrict ourselves to the topologically trivial sector of the theory and set the boundary con-
dition Ai(x−, xi) → 0 as x−,i → ∞. This completely fixes the gauge and put all surface
terms to zero.
The transverse rotation operator
F i =
1
2
∫
dx−d2x⊥
[
x−Θ+i − xiΘ+−
]
. (11)
The symmetric, gauge invariant energy momentum tensor
Θµν=
1
2
ψ
[
γµiDν + γνiDµ
]
ψ − F µλaF νaλ (12)
− gµν
[
−
1
4
(Fλσa)
2 + ψ(γλiDλ −m)ψ
]
, (13)
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where
iDµ=
1
2
↔
i∂µ +gAµ, (14)
F µλa= ∂µAλa − ∂λAµa + gfabcAµbAλc, (15)
In the gauge A+ = 0, using the equations of constraint
i∂+ψ−= [α⊥ · (i∂⊥ + gA⊥) + γ0m]ψ+, (16)
1
2
∂+A−a= ∂iAia + gfabc
1
∂+
(Aib∂+Aic) + 2g
1
∂+
(
ξ†T aξ
)
, (17)
and the equation of motion
i∂−ψ+= −gA−ψ+ + [α⊥ · (i∂⊥ + gA⊥) + γ0m]
1
i∂+
[α⊥ · (i∂⊥ + gA⊥) + γ0m]ψ+, (18)
we arrive at
F 2 = F 2I + F
2
II + F
2
III (19)
where
F 2I=
1
2
∫
dx−d2x⊥[x−P20 − x
2(H0 + V)], (20)
F 2II=
1
2
∫
dx−d2x⊥
[
ξ†
[
σ3∂1 + i∂2
] 1
∂+
ξ +
[ 1
∂+
(∂1ξ†σ3 − i∂2ξ†)
]
ξ
]
+
1
2
∫
dx−d2x⊥m
[
ξ†
[ σ1
i∂+
ξ
]
−
[ 1
i∂+
ξ†σ1
]
ξ
]
+
1
2
∫
dx−d2x⊥g
[
ξ†
1
∂+
[(−iσ3A1 + A2)ξ] +
1
∂+
[ξ†(iσ3A1 + A2)]ξ
]
, (21)
F 2III= −
1
2
∫
dx−d2x⊥2(∂1A1)A2 −
1
2
∫
dx−d2x⊥g
4
∂+
(ξ†T aξ)A2a
−
1
2
∫
dx−d2x⊥gfabc
2
∂+
(Aib∂+Aic)A2a (22)
where P i0 is the free momentum density, Ho is the free part and V are the interaction terms
in the manifestly hermitian Hamiltonian density. ξ is the non vanishing two component of
ψ+. The operators F 2II and F
2
III whose integrands do not explicitly depend upon coordinates
arise from the fermionic and bosonic parts respectively of the gauge invariant, symmetric,
energy momentum tensor in QCD. It follows that the transverse spin operators J i, (i = 1, 2)
can also be written as the sum of three parts, J iI whose integrand has explicit coordinate
dependence, J iII which arises from the fermionic part, and J
i
III which arises from the bosonic
part of the energy momentum tensor.
Thus we have shown that even though the transverse spin operators in light front (gauge
fixed) QCD cannot be written as a sum of orbital and spin contributions, one can decompose
them into three distinct contributions. This is to be contrasted with the case of helicity which
can be written as a sum of orbital and spin parts. We emphasize that our analysis is done
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in an arbitrary reference frame. It is interesting to contrast our work with Ref. [12] where
a gauge invariant decomposition of the nucleon spin is performed. The analysis of Ref. [12]
is valid only in the rest frame of the hadron and further no distinction is made between
helicity and transverse spin.
In the rest of this paper we establish the physical relevance of this decomposition by
exploring the connection between hadron expectation values of the transverse spin operators
and the quark and gluon distribution functions that appear in transversely polarized deep
inelastic scattering.
It is known that the transverse polarized distribution function in deep inelastic scattering
is given by (we have taken transverse polarization along the x-axis)
gT (x)=
1
8πM
∫
dηe−iηx × 〈PS1|ψ(η)
(
γ1 −
P 1
P+
γ+
)
γ5ψ(0) + h.c.|PS
1〉 , (23)
where P µ and Sµ are the four momentum and the polarization vector of the target. Using
the constraint equation for ψ−, we arrive at
∫ +∞
−∞
dxgT (x)=
∫ +∞
−∞
dx(gT (I)(x) + gT (II)(x)) (24)
∫ +∞
−∞
dxgT (I)(x)=
1
2M
〈PS1 |
[
ξ†
[
σ3∂1 + i∂2
] 1
∂+
ξ +
∂1
∂+
(ξ†)σ3ξ − i
∂2
∂+
(ξ†)ξ (25)
+mξ†σ1
1
i∂+
(ξ)−m
1
i∂+
(ξ†)σ1ξ (26)
+ g
[
ξ†
1
∂+
[(−iσ3A1 + A2)ξ] +
1
∂+
[ξ†(iσ3A1 + A2)]ξ
]]
| PS1〉. (27)
Thus the integral of gT (I)(x) is directly proportional to the nucleon expectation value of
F 2II . Both gT (I) and F
2
II depend on the center of mass motion whereas both gT and J
i are
independent of the center of mass motion. The removal of the center of mass motion from
gT (I) is achieved by gT (II). We have,
∫ +∞
−∞
dxgT (II)(x) =
1
M
P 1
P+
〈PS1 | ξ†σ3ξ | PS1〉. (28)
The integral of gT (II)(x) is directly proportional to the nucleon expectation value of the
quark intrinsic helicity operator
J3q(i) =
1
2
∫
dx−d2x⊥ξ†σ3ξ. (29)
Consider the polarized gluon distribution function that appears in transversely polarized
scattering (see Ref. [13])
GT (x) =
1
8πx(P+)2
1
(Si2)
iǫµναβSαPβ
∫
dηe−iηx〈PS⊥ | F+aµ(η)F
+a
ν(0) | PS
⊥〉. (30)
For a transversely polarized nucleon, S+ = 0. Further F+− = 0. Since for α, µ, ν = −, the
contribution is automatically zero, β = −. Further, let us pick, without loss of generality,
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the transverse polarization along the x axis. Then, S2 = 0, S1 = M , S− = 2 P
1
P+
M . Thus α
is forced to be 1 or +. Then
GT (x) = GT (I)(x) +GT (II)(x) (31)
where
GT (I)(x) =
i
8πxMP+
∫
dηe−iηx〈PS1 | F+a2(η)F
+a
+(0)− F
+a
+(η)F
+a
2(0) | PS
1〉, (32)
and
GT (II)(x) = −
i
16πxP+M2
S−
∫
dηe−iηx〈PS1 | F+a1(η)F
+a
2(0)− F
+a
2(η)F
+a
1(0) | PS
1〉. (33)
We get,
∫ +∞
−∞
dxGT (I)(x) =
1
2M
〈PS1 | A2a(0)
1
2
∂+A−a(0) | PS1〉. (34)
From the constraint equation, we explicitly see that the integral of GT (I) is proportional to
the nucleon expectation value of F 2III .
We also have,
∫ ∞
−∞
dxGT (II)(x) =
1
4M
P 1
P+
〈PS1 |
(
Aa1∂
+Aa2 − A
a
2∂
+Aa1
)
| PS1〉. (35)
Thus the integral of GT (II)(x) is proportional to the nucleon expectation value of the gluon
intrinsic helicity operator
J3g(i) =
1
2
∫
dx−d2x⊥
[
Aa1∂
+Aa2 − A
a
2∂
+Aa1
]
. (36)
Thus, provided the interchange of the order of integrations is legal, we have shown that
a direct relation exists between the coordinate independent part of J i which arises from
the gauge invariant fermionic and gluonic parts of the symmetric energy momentum tensor
and the integrals of the quark and gluon distribution functions gT and GT that appear in
polarized deep inelastic scattering.
Since transverse spin is responsible for the helicity flip of the nucleon in light front theory,
we now have identified the complete set of operators responsible for the helicity flip of the
nucleon. After the experimental discovery of the so-called spin crisis, the question of the
sharing of nucleon helicity among its constituents has become an active research area. On
the theoretical side, the first step involves the identification of the complete set of operators
contributing to nucleon helicity. In this work, we have made this identification in the case
of transverse spin. We have explicitly shown that the operators involved in the case of
the helicity and transverse spin are very different. Because of their interaction dependence,
operators contributing to transverse spin are more interesting from the theoretical point
of view since they provide valuable information on the non-perturbative structure of the
hadron.
With the construction, presented in this work, of the transverse spin operators that
commute with the mass operator, it is now possible to explore explicitly the questions of
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rotational symmetry and Lorentz invariance in light front QCD bound state calculations.
An important issue in the case of transverse spin operators concerns renormalization. Since
they are interaction dependent, they will acquire divergences in perturbation theory just
like the Hamiltonian. It is of interest to find the physical meaning of these divergences and
their renormalization. Of the coordinate dependent and coordinate independent parts in
the transverse spin density, the renormalization of only the coordinate independent parts
have been discussed in the literature. It is worthwhile to recall that even in the case of
J 3, radiative corrections to the coordinate dependent (orbital) parts have been studied only
very recently.
We plan to address the aforementioned issues in the future by computing the expectation
value of the transverse spin operators in a dressed quark state. Another important problem
is the nonperturbative evaluation [14] of the matrix elements of transverse spin operators in
light front QCD.
In summary, we have demonstrated that in light front field theory, thanks to kinematic
boost symmetry, it is possible to construct spin operators for both massive and massless
particles in arbitrary reference frame. In the gauge fixed theory of light front QCD, we
found that the transverse rotation operators can be decomposed as the sum of three distinct
terms: F iI which has explicit coordinate dependence in its integrand, and F
i
II and F
i
III which
have no explicit coordinate dependence. Further, F iII and F
i
III arise from the fermionic and
bosonic parts of the energy momentum tensor. Since transverse rotation operators are
directly related to transverse spin operators, we have further shown that the expectation
values of J iII and J
i
III in a transversely polarized nucleon are directly related to the integral
of the polarized quark and gluon distribution functions gT and GT respectively that appear
in transversely polarized deep inelastic scattering. Finally, we have discussed the theoretical
and phenomenological consequences of our results.
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